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   I– (2.5points)  

  In the space referred to a direct orthonormal system )k,j,i;O(
→→→

, consider: 

 the points  A ( 1 ; –2 ; 1 ) ,   B (2 ;–1 ; 3 )  ,  C(1 ;1 ;4) and  H(0 ; 0 ; 2) , 

 the line (d) defined by :    
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=
=
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             ( t  is a real parameter). 

 

 1) Write an equation of the plane  (P)  that is determined by the points   A, B  and C. 
 2) a- Prove that the line (d)  is perpendicular to the plane (P)  at the point  H.  

b- Prove that  H  is equidistant from  A , B  and  C. 
c- Find a system of parametric equations of a bisector of the angle  AHB.  

          3) Let  M  be a movable point on line (d),  and  E( 2 ; 2 ; 0) be a fixed point on (d). 
Find the values of  t  for which the volume of the tetrahedron  MABC is equal to twice 
the volume of the tetrahedron EABC.  

 
 

   II– (2 points)  
        Consider the sequence ( nU ) that is defined, on  IN , by : 

                   dx
x

 U ∫ +
=

1

0
0 1

1  ,               and      for n ≥ 1, ∫ +
=

1

0
1

    dx
x
xU

n

n  

  1) Calculate  0U   and  1U . 

 2) Prove that,  for every n ≥ 1,   
1

1
1 +

=++ n
UU nn ,   and deduce  the value of 2U .     

 3) a- Prove that, for    0 ≤  x ≤  1  , we get  n
n

x
x
x   

1
  0 ≤

+
≤  , 

         and deduce that    
1

1   0
+

≤≤
n

Un . 

 b- Calculate n
n

U
∞+→

lim . 
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   III– (2points)  
     The management of a certain supermarket organized a lottery for their customers, on 

every Monday during the sale month.  
      To run this lottery, the management uses two urns  U  and  V.     

 The urn  U  contains 4 red balls  and 3 white balls.   
 The urn  V  contains 10 gift coupons of four different categories whose values          

are as shown in the table below : 

 First 
category 

Second 
category 

Third 
category 

Fourth 
category 

Number of                 
gift coupons 2 3 4 1 

Value of the            
gift coupon  in LL 100 000 50 000 10 000 0 

   A customer draws randomly a ball from the urn U :  
  If the drawn ball is white, this customer does not win anything. 
  If the drawn ball is red, this customer draws randomly a gift coupon from the urn V.   

   1) Consider the following events  :  
E : « the customer participating in this lottery wins 10 000 LL ». 
N : « the customer participating in this lottery does not win anything ». 
G : « the customer participating in this lottery achieves a non-zero gain  ». 

 a- Verify that the probability of  E  is equal to 
35
8   . 

 b- Calculate the probability of each of the events  N  and  G.  
   2) Designate by  X  the random variable that is equal to the value won (positive or zero) 

by the customer who participated in this lottery.  
    a- Determine the probability distribution of  X. 
    b- Calculate the mean (expected value)  E(X).  

 
  IV – ( 3points)  

       In the plane referred to an orthonormal system )j,i;O(
→→

, consider the points                           

       F( 3 ; 0 ),  F'(–3 ; 0)   and   L ( 3 ; 
5

16 ) . 

    Designate by (E)  the ellipse that passes through  L  and whose foci are   F  and  F'  . 
    1)  a-  Calculate   LF + LF' . 

    b- Determine the coordinates of the vertices of  (E). 

    c- Deduce that   1
1625

22
=+

yx    is an equation of  (E),   and draw  (E). 

    2)  Let  (d)  be the line of equation  x = 
3
25 . 

         a- What does the line  (d)  represent to the ellipse  (E) ? 
         b- Find an equation of the straight line  (T) that is tangent to  (E)  at the point  L. 
         c- Prove that the lines  (d)  and  (T)  intersect each other at a point  I belonging to the 

axis of abscissas. 
    3) Calculate the area of the region that is bounded by the ellipse  (E) , the tangent (T),       
         the axis of abscissas  and  the axis of ordinates.   
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   V– ( 3.5 points)  

       The complex plane is referred to a direct orthononormal system  )v,u;O(
→→

.  
        Let  A  be the point of affix  2,   and  B  be the point of affix  2i . 

       Designate by  E  the image of  A  under the rotation  R  with center  O  and angle  
3
π  ,  

       and by   F  the image of  B  under the transformation   T   that is defined by the complex   

       form :   . z)
2
3i

2
1('z −

−
=  

1) a- Determine the nature and the characteristic elements of   T . 
    b- Prove that the four points  A, B, E and  F belong to the same circle with             
         center O and whose radius is to be determined.    

2) a- Prove that  
BF

AE

zz

zz

−
−    is real .  

    b- Verify that   i
zz
zz

BE

AF −=
−
− .       

          c-   Deduce that  AEBF  is an isosceles trapezoid and that      . )(2  AF  ,BE π
π

−=
2

)(   

     3) Consider :  the dilation (homothecy)  h  that transforms  A onto  F  and  E onto B ,              

                           and the rotation   r   with angle  
2
π  ,  that transforms  B  onto  F .   

       a-  Determine  W,  the center of  h.  
  b-  Prove that    hor =  roh .  
  c-  Let   S = hor . 
       Determine the nature and the characteristic elements of  S . 

  
 
 
 
VI– ( 7 points)  

          Consider the function  f  that is defined, on  ] 0 ; + ∞ [ ,  by  : 
          f(x) = (lnx) 2  + 2lnx – 3  . 

          Designate by (C) the representative curve of  f  in an orthonormal system )j,i;O(
→→

 . 
 1) a-  Calculate   )x(flim

x ∞+→
. 

     b-  Calculate  )x(flim
0x→

  and deduce an asymptote to (C). 

     2) Determine the abscissas of the points of intersection of  (C) with the axis of 
abscissas.   

     3)  a-  Calculate  f '(x)   and set up the table of variations of   f . 

      b- Verify that 2x
xln2)x(f −

=′′  ; Show that  (C)  has a point of inflection  I,  and   

write an equation of the tangent (d)  to  (C)  at the point  I.     
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       4) Draw the line  (d)  and the curve  (C). 
       5) a-  Prove that the function  f  has, on  [1 ; +∞ [ , an inverse function  g   and 

determine the domain of definition  of  g .  
      b- Verify that the point  A( 5 ; 2e  ) belongs to  (G) , the representative curve of  g, 

and write an equation of the tangent to the curve (G)  at A. 
  6) Determine graphically, according to the values of  the real number m, the number     
      of roots of the  equation    (lnx) 2  +  2lnx  =  m  . 

        7) The curve  (T)  shown below is the representative curve ,on  [1 ; +∞ [ , of a    
              function  F,  where  F  is a  primitive (anti derivative) of the function  f: 
         
                                
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
     

    Calculate the area of the region that is bounded by the curve  (C) , the axis of     
    abscissas and the two lines of equations  x = 1  and    x = e .  

 
 
 
     

 

 

      (T) 
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Q 1 Short Answers M 

1 

The equation of plane (P) is determined by : 

330
211

1z2y1x −+−
 = 0       ;             x + y – z + 2 = 0 1 

2a 

→

dV (1,1,–1) and 
→

PN (1,1,–1) , 
→

dV =
→

PN , then (d) is perpendicular to (P). 
Intersection of (d) and (P) : t + t + t – 2 + 2 = 0 ; t = 0  
(d) cuts (P) at point H( 0 ; 0 ; 2).  

1 

2b →

HA (1 ; – 2 ; – 1) ; 
→

HB(2 ; – 1 ; 1) ; 
→

HC(1 ; 1 ; 2) ; HA = HB = HC = 6 .  ½  

2c 

HAB is isosceles of vertex H , 
→

HA +
→

HB:(3 ; – 3 ; 0) ; 
→

u (1 ; – 1 ; 0) is a 
direction vector of a bisector  (∆)of the angle A Ĥ B. 
(∆) : x = m ; y = – m ,  z = 2  . 

►OR : W(3/2 ; – 3/2 ; 2) is the midpoint of [AB] ; 
→

HW (3/2 ; – 3/2 ; 0) is 
direction vector of  (∆) ;                                                                             
→

u (1 ; – 1 ; 0) = 2/3 
→

HW  also is direction vector of a bisector  (∆) 

1 

3 
V(MABC) = 

3
1 MH × area(ABC) ; V(EABC) =

3
1 EH × area(ABC) 

V(MABC) = 2V(EABC) ; MH = 2 EH ; MH2 = 4EH2  so  3t2 = 48 ; t2 = 16 
Thus  t = – 4 or  t = 4. 

1½  

 
 
Q 2 Short Answers M 

1 

Uo = ∫ +

1

0 1x
dx = 1

0
)1xln( +  = ln2 

U1 = dx
1x

x1

0
∫ +

 = dx
1x

11x1

0
∫ +

−+  = dx)
1x

11(
1

0
∫ +

− = [ ]10)1xln(x +−  = 1 – ln2 
1 

2 
Un+1 + Un = dx

1x
xx1

0

n1n

∫ +
++

= dx
1x

)1x(x1

0

n

∫ +
+ = ∫

1

0

ndxx =
1

0

1n

1n
x









+

+

= 
1n

1
+

. 

For  n = 1 ; U2 + U1 = 
2
1  ; U2 = ln2  – 

2
1 . 

1 

3a 
0 ≤ x ≤ 1 ; 1 ≤ x + 1 ≤ 2 ; 1

1x
1

2
1

≤
+

≤  ; 1
1x

10 ≤
+

≤  ; n
n

x
1x

x0 ≤
+

≤  

≤0 dx
1x

x1

0

n

∫ +
≤ ∫

1

0

ndxx  ; 0≤ Un ≤ 
1n

1
+

. 
1½  

3b Since 
+∞→n

lim
1n

1
+

 = 0 , then  
+∞→n

lim Un = 0 . ½  

 
 
 
 

1 



Q 3 Short Answers M 

 

 
 
 
 
 
 
 

 

1a P(E) = 
10
4

7
4
× =

35
8  ½  

1b P(N) = 
10
1

7
4

7
3

×+  = 
35
17   ;   P(G) = 1 – P(N) = 

35
18  1½  

2a 
xi 0 10 000 50 000 100 000 

pi 35
17          

35
8  

10
3

7
4
× =

35
6  

10
2

7
4
× =

35
4  

 

1½  

2b E(X) = 
35
00010 (8 + 30 + 40) = 

7
000156  ≈ 22 285 . 7 ½  

 
 
Q 4 Short Answers M 

1a )
5
16;0(LF −→

 ; )
5
16;6('LF −

−
→

, then  LF + 'LF  = 
5

16 + 
25

25636 + =
5

50  = 10. ½  

1b 

LF + 'LF  = 2a then a = 5,  x’Ox is the focal axis of  (E) and O is its center, 
Thus the vertices on the focal axis are :  A(5 ; 0) and A’(– 5 ; 0). 

222 cab −= = 25 – 9 = 16  then  b = 4 . 
 The vertices on the non-focal axis are :  B(0 ; 4) and B’( 0 ; – 4).   

1 

1c 

The ellipse (E) has as an                                                                                       

equation 1
b
y

a
x

2

2

2

2

=+    

 Thus we get  1
16
y

25
x 22

=+ . 

 
 
 
 
 
 
 
 

1½  

2a 
c

a
3
25x

2

== then  (d) is a directrix of (E). ½  

2b   (T) :  1
16

yy
25

xx LL =+  ;    1
5
y

25
x3

=+    thus  3x + 5y – 25 = 0. ½  

2c (T) cuts (d) at point  (25/3 ; 0) which is a  point on the axis of abscissas ½  

3 Required area= A=area(OIJ) – 
4
1  ( abπ ) = 

2
OJOI× – 

4
20π  = ( π− 5

6
125 )u2 1½  

R 
W 

3/7 4/7 

100 000 50 000 10 000 

0 
2/10 3/10 4/10 

1/10 

0 

F’ F 

L 

A 

B’ 

A’ 

B 

O 
I 

J (d) 

2 



 
 
Q 5 Short Answers M 

1a Z’ = Z)
2
3i

2
1( −−  = 3

2i
e

π−

Z ;    T : rotation of center O and angle 
3
2π− . 1 

1b 

E = R(A) ; OE = OA = 2     and   F = T(B) ; OF = OB = 2 
A , B , E and F belong to the circle of center O and radius 2. 
 
 
 
 
 
 
 
 
 
 
 
 

1 

2a 
ZE = 3

i
e

π

ZA = AZ)
2
3i

2
1( +  = 1 + i 3  ;  ZF = BZ)

2
3i

2
1( −−  = 3  – i  

BF

AE

ZZ
ZZ

−
−  = 

i33
3i1

−
+− = 

)3i1(3
3i1

+−−
+−  = 

3
1−  which is real. 

1 

2b 
BE

AF

ZZ
ZZ

−
− =

i23i1
23i

−+
−+−  = 

i23i1
)i23i1(i

−+
−+−  = – i . ½  

2c 

BF

AE

ZZ
ZZ

−
− is real, then the vectors 

→

AE and 
→

BF have the same direction . 

On the other hand: |
BE

AF

ZZ
ZZ

−
− | = |– i| = 1 ; EA = FB ,                                        

and AEBF is an isosceles trapezoid. 

BE

AF

ZZ
ZZ

−
− = 2

i
e

π
−

    then 
→→

AF;BE( ) = –
2
π (mod.2π ) 

1 

3a 
h (A) = F and h(E) = B, then W is the point of intersection of (AF) and (BE) 

 ½  

3b 

hor and roh are two similitudes having the same ratio and the same angle. 
We still have to prove that they have the same center. 
The  triangle WBF is right isosceles at W, hence W is the center of  r, 
Consequently  hor and  roh  both have the same center W. 

1 

3c S is a similitude of center W, of ratio  3  and of angle 
2
π . 1 

 
 
 

A 

B E 

F 

O 

W 

3 



Q 6 Short Answers M 

1a +∞=−∞++∞=
+∞→

3)x(flim
x

   ½  

1b =−+=
++ →→

)
xln

32x(lnxlnlim)x(flim
0x0x

– ∞ (– ∞+2-0) = + ∞. 

The axis of ordinates is an asymptote to  (C). 
1 

2   03xln2)x(ln 2 =−+   ;   ln x = 1 or  ln x = -3   ;     x = e  or x = e– 3.   1 

3a 

  
x
2

x
xln2)x('f += = )1x(ln

x
2

+  ;  f ‘(x) = 0  for  ln x = – 1  thus  x = 
e
1 . 

 
 
 
 
 

1½  

3b 
  =



 ++−= )

x
1(

x
1)1x(ln

x
12)x("f 2 2x

xln2−  ;  )x("f vanishes for  x = 1 

and  changes signs, thus (C) has a point of inflection, namely  I(1 ; – 3). 
 Eq. of  (d) :  y + 3 = 'f (1)(x-1)    ;   y = 2(x – 1) – 3 ;   y = 2x – 5. 

1½  

4 

  =
+∞→ x

)x(flim
x

)
x
2

x
xln2(lim

x
3xln2)x(lnlim

x

2

x
+=

−+
+∞→+∞→

 = 0 , so (C) has ,  at 

+∞ , an asymptotic direction parallel to the x-axis.. 
 
 
 
 
 
 
 
 
 
 
 
 
 

2 

5a 
 f is continuous and strictly increasing on [ 1 ; + ∞ [ hence it has an inverse 
function g  on  gD = f([ 1 ; + ∞ [)  =  [– 3 ; + ∞ [. 1 

5b 

 5344)e(f 2 =−+=  then  2e)5(g =  and )e;5(A 2  is a point on (G). 
 An equation of the  tangent to (G) at the point A is : )5x)(5('gey 2 −=−  

  
6
e

)e('f
1)5('g

2

2 ===  ;  )5x(
6
eey

2
2 −=−  ;     y = 

6
e2

x + 
6
e2

. 
2 

6 

mxln2)x(ln 2 =+ is equivalent to 3m3xln2)x(ln 2 −=−+ , ie f(x) = m-3 
 If  m – 3 < – 4 ie  m < – 1 then no roots 
 If  m – 3 = – 4 ie  m = – 1 then there is one root 
 If  m – 3 > – 4 ie  m > – 1  then there are two roots. 

2 

7  A = – ∫
e

1

dx)x(f = – [F(e) – F(1)] = – ( 3 – 2e – 0) = (2e – 3)   u2. 1½   

x 

f(x) 

f ’(x) 
0 1/e + ∞ 

0 + – 

– 4 
+ ∞ + ∞ 

4 
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